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Abstract
Let ` be one of the ten integers such that the sum of their divisors divide 24. For each such `, (except 15)
we give a map from an algebra of polynomial invariants of some finite group to the algebra of modular forms
invariant under the Atkin–Lehner group of level `. These maps are motivated and inspired by constructions
of modular lattices from self-dual codes over rings. This work generalizes Broue´–Enguehard work in level
one and three obtained from binary and ternary codes.
c© 2007 Elsevier Ltd. All rights reserved.
1. Introduction
Since the times of Felix Klein, there have been analogies between polynomial invariants of
finite groups and modular forms. In 1972 Broue´ and Enguehard gave an algebra isomorphism
between the ring of modular forms of doubly even weight C[E4,∆] (∆ = ∆1 in our notation)
and the ring of polynomial invariants in two variables x, y of the group
〈
1√
2
(
1 1
1 −1
)
,
(
1 0
0 i
)〉
.
The isomorphism was given by substituting two Jacobi theta functions into x, y, namely
x = θ3(τ ), y = θ2(τ ). The motivation was coding theory, the ring of invariants of the said
finite group containing weight enumerators of so-called Type II codes. The inverse image of
E4,∆ was ψ8 and ν24, where ψ8 := x8+ 14x4y4+ y8 is the weight enumerator of the extended
quadratic residue code of length 8, and ν24 = x4y4(x4−y4)4. Recently, the map was extended by
Ozeki to modular forms of singly even weight [10] by considering a suitable index two subgroup
and a larger space of invariants.
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These isomorphisms are motivated by the so-called construction A of unimodular lattices from
self-dual codes [3,8]. Recently, the focus of lattice theory moved to the larger setting of modular
lattices [12,13,15]. An integral lattice is said to be `-modular if it is isometric to its dual rescaled
by
√
`. The space of theta series of such lattices admits a “nice” description similar to classical
modular forms (two generators, one theta series, one cusp form) for ` being the square-free order
of an element of the Mathieu group M23, or, more explicitly, ` being one of the ten integers such
that the sum of their divisors divide 24.
The aim of the present work was to give a unified Broue´–Enguehard map for each of the
ten special levels. However we were only able to compute it when the alphabet of the codes
occurring in Construction A was one of the three rings of order four and characteristic two: F4
(levels 3, 6, 11), F2×F2 (levels 1, 2, 5), F2+ uF2 (levels 7, 14, 23). So level 15 is really the odd
man out. The expert reader will note that the maps in levels 1 and 3 are different of the original
maps of [2] which were obtained from binary and ternary codes, respectively. Also an Ozeki type
enlargement of the space of invariant was needed for some levels.
The material is organized as follows. Section 2 collects the necessary notation. Sections 3
and 4 contain prerequisite on modular forms and invariants, respectively. Section 5 describes
the interplay between lattices and codes. The maps are given for each of nine special levels
mentioned.
2. Definitions and notation
2.1. Codes
2.1.1. F4
Write F4 = {0, 1, w,w2}. Define for a, b ∈ F2 the conjugate a + wb = a + w2b. Duality
in Fn4 is understood w.r.t. the hermitian scalar product
∑
i xi yi . A code is linear iff it is an F4
subspace of Fn4 , and additive if it is a subgroup for addition of F
n
4 . A code is self dual if it equals
its dual for the said scalar product. The symmetrized weight enumerator of C is
sweC (x, y, z) =
∑
c∈C
xn0(c)yn1(c)zn2(c),
where n0(c), n1(c), n2(c) are the number of coordinates in c that are respectively 0, 1 or either
of w,w2. And its weight enumerator is denoted by
WC (x, y) = sweC (x, y, y).
A code C is formally self-dual if its weight enumerator WC satisfies the MacWilliams identity
WC (x, y) = WC
(
x + 3y
2
,
x − y
2
)
.
An example of an additive formally self-dual code that is not linear is {0, 1}.
2.1.2. F2 × F2
Write F2 × F2 = {00, 10, 01, 11}. Define for a, b ∈ F2 the conjugate ab = ba. Duality in
(F2 × F2)n is understood w.r.t. the hermitian scalar product ∑i xi yi . A code over F2 × F2 is
self-dual if it equals its dual for the said scalar product. The symmetrized weight enumerator of
C is
sweC (x, y, z) =
∑
c∈C
xn0(c)yn1(c)zn2(c),
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where n0(c), n1(c), n2(c) are the number of coordinates in c that are respectively 00, 11 either
of 10, 01. An example of a self-dual code is the repetition code of length 2, i.e. C2 :=
{(00, 00), (01, 01), (10, 10), (11, 11)}.
2.1.3. F2 + uF2
Write F2+uF2 = {0, 1, u, 1+u}. So that ring is an extension of degree 2 of F2 by a nilpotent
u of order 2. Duality in (F2 + uF2)n is understood w.r.t. the euclidean scalar product∑i xi yi . A
code over F2 + uF2 is self-dual if it equals its dual for the said scalar product. The symmetrized
weight enumerator of C is
sweC (x, y, z) =
∑
c∈C
xn0(c)yn1(c)zn2(c),
where n0(c), n1(c), n2(c) are the number of coordinates in c that are respectively 0, either
of 1, 1 + u, or u. An example of a self-dual code is the repetition code of length 2,
i.e. {(0, 0), (1, 1), (1+ u, 1+ u), (u, u)}.
2.2. q-series
Let σk(n) := ∑d|n dk denote the divisor function of order k of the positive integer n. In
q-series we let q = e2pi iτ , where τ ∈ H, the Poincare´ upper half-plane. Recall E4(τ ), the weight
4 Eisenstein series
E4(τ ) := 1+ 240
∞∑
n=1
σ3(n)qn .
Recall Dedekind eta function:
η(τ) := q 124
∞∏
n=1
(1− qn),
and Jacobi theta functions
θ3(q) =
n=+∞∑
n=−∞
qn
2 = 1+ 2q + 2q4 + 2q9 + · · ·
θ2(q) =
n=+∞∑
n=−∞
q(n+1/2)2 = 2q1/4(1+ q2 + q6 + · · ·)
θ4(q) =
n=+∞∑
n=−∞
(−1)nqn2 = 1− 2q + 2q4 − 2q9 + · · · .
Let Γ0(`)+ denote the extension of the group Γ0(`) by all the Atkin–Lehner involutions [13].
The space of modular forms of weight k under that group for the character of [12] is denoted by
Mk(`) and the space of all such forms by M∗(`) := ⊕k≥0 Mk(`).
2.3. Lattices
An n-dimensional lattice L is a discrete subgroup of Rn . Its theta series is
θL(q) :=
∑
x∈L
qx .x ,
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Table 1
Levels and weights
` 1 2 3 5 6 7 11 14 23
k` 4 2 1 2 2 1 1 2 1
Λ0
`
E8 D4 Z[
√−3] QQF.4.a Z[√−3]⊕√2Z[√−3] H7 Z[
√−11] H7+2H7 H23
Λ` Λ24 BW16 K12 Q8(1) G2 ⊗ F4 A(2)6 Λ11 Λ14 [4, 1; 1, 6]
d` 12 8 6 4 4 3 2 2 1
Table 2
Lattices and alphabets
` 1 2 3 5 6 7 11 14 23
Z` Z[
√−1] Z[√−2] Z[w3] Z[
√−5] Z[√2, w3] Z[w7] Z[w11] Z[
√
2, w7] Z[w23]
I` (2) (2) (2) (2) (
√
2) (2) (2) (
√
2) (2)
R` F2 + uF2 F2 + uF2 F4 F2 + uF2 F4 F2 × F2 F4 F2 × F2 F2 × F2
where x .x :=∑i x2i , and q is as per previous section. For instance θZ(q) = θ3(q). The dual L∗
of L is
L∗ := {y ∈ Rn|∀x ∈ L , x .y ∈ Z}.
A lattice is `-modular for some integer ` > 0 iff L is isometric to
√
`L∗.
2.4. Invariants
If G (resp. H ) is a matrix group acting on polynomials in 2 (resp. 3) variables x, y (resp.
x, y, z) we denote the ring of invariants by C[x, y]G (resp. C[x, y, z]H ). The notation R <
C[x, y]G , means that R is a strict subring of C[x, y]G .
3. Theta series of modular lattices
Let ` be one of the ten special levels. A cusp form of weight d` for Γ0(`)+ is then given by
∆`(τ ) :=
∏
d|`
η(dτ)24/σ1(`),
where η denotes Dedekind η function, and d` is as in Table 1.
Let Λ0` denote the even `-modular lattice of smallest dimension. Denote byΘ` its elliptic theta
series, and by k` the weight of Θ`. Let Λ` denote the extremal even strongly `-modular lattice
in the so-called critical dimension (E` in the notation of [14]). For lattice names we follow the
Nebe–Sloane catalog of lattices [9].
The following result is a combination of [12] for ` prime and [13] for ` composite. The proof
is omitted.
Theorem 3.1 (Quebbemann). Assume ` ∈ {1, 2, 3, 5, 6, 7, 11, 14, 15, 23}. If f is a modular
form for Γ0(`)+, then, with the above notation, f is an isobaric polynomial in Θ` and ∆`.
Namely, for f of weight k we have that
f =
∑
fi, jΘ i`∆
j
` ,
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where the summation is over the indices such that id` + jk` = k.
This result applies in particular if f is the theta series of an `-modular lattice for the ten
special `’s.
4. Invariants and codes
4.1. Two variables
This section is related to F4-codes, following [14, p. 226]. We consider the matrix group H3
of order 6 and Weyl type G2 generated by M2,M3
M2 = 12
(
1 3
1 −1
)
,
M3 =
(
1 0
0 −1
)
.
The Molien series of H3 is
1
(1− t2)(1− t6) .
The ring of invariants is generated by
R2 := x2 + 3y2, D6 := y2(x2 − y2)2.
Consider the subgroup H ′3 generated by M2 alone. Its ring of invariants contains the subring
generated by
R1 := x + y, D2 := (x − 3y)2.
4.2. Three variables
4.2.1. F4-codes
Following [14, p. 227], we consider the matrix group G48 of order 48 and Weyl type B3
generated by M1,M4,M5 where
M1 = 12
1 1 21 1 −2
1 −1 0
 ,
M4 =
0 1 01 0 0
0 0 1
 and M5 =
1 0 00 −1 0
0 0 −1
 .
The Molien series of G48 is
1
(1− t2)(1− t4)(1− t6) = 1+ t
2 + 2t4 + 3t6 + 4t8 + 5t10 + · · · .
The ring of invariants is generated by r2, d4, h6 where
r2 = x2 + y2 + 2z2,
d4 = (x2 − z2)(y2 − z2),
h6 = x6 + y6 + 2z6 + 15(2x2y2z2 + x2z4 + y2z4).
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4.2.2. F2 × F2-codes
On the other hand, following [1, Th. 4.4(1)], let G6 be the group of order 6 generated by M1
and
M6 =
1 0 00 −1 0
0 0 1
 .
The Molien series of G6 is
1
(1− t)(1− t2)(1− t3) .
The ring of invariants is generated by P1, P2, P3 where
P1 = x + z,
P2 = 2xz − y2 − z2,
P3 = z(x2 − y2).
4.2.3. F2 + uF2-codes
Now, following [1, Th. 4.4(2)], let
M ′6 =
1 0 00 1 0
0 0 −1

and define the group of order 6, say G ′6 = 〈M1,M ′6〉. The ring of invariants of G ′6 is generated
by Q1, Q2, Q4 where
Q1 = x + y,
Q2 = xy − z2,
Q4 = z2(x − y)2.
Let G2 be the group of order 2 generated by M1. It has two invariants of degree one Q1 = x+ y,
and P1 = x + z.
5. Lattices and codes
Let Z` denote an `-modular lattice of dimension 2 (` prime) or 4 (` composite). Assume a
ring structure on Z` (ring of integers of a number field). Let R` denote the quotient ring of Z` by
some ideal I` that serves as alphabet for our codes. See Table 2 for special `. Let w` := −1+
√−`
2 .
With this datum define the Construction A` as
A`(C) = {x ∈ Zn` |∃c ∈ C, x ≡ c(mod I`)}.
For the desired `’s it is known by computing the different of a suitable number field [1] that
A`(C) is `-modular if C is self-dual over R`. Define formally the Broue´–Enguehard substitution
BE` as, for instance,
BE`(x) = θI`(q),
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and so on; the variable attached to the element a in the quotient ring R` being replaced by the
theta series of the inverse image of a by reduction modulo I`. It is also a folklore theorem that
θA`(C) is obtained by doing the Broue´–Enguehard substitution in the suitable weight enumerator
of C (either WC or sweC according to the number of variables).
Proposition 5.1. If ` = 3, 6 and C is a code over F4 then
θA`(C) = WC (BE`(x),BE`(y)).
If ` = 1, 2, 5, 7, 11, 14, 23 and C is a code over R`, then
θA`(C) = sweC (BE`(x),BE`(y),BE`(z)).
For nine of the ten special levels ` we define explicitly the Broue´–Enguehard map BE` by its
substitutions on x, y (two variable case) or x, y, z (three variable case). We specify the inverse
images of Θ`, and of ∆`.
The polynomial invariants are named as per the preceding section. For d = 1, 2, 3, 6 we
define the quadratic Qd(x, y) := x2 + xy + dy2, and, from there
Ad(τ ) =
∑
m,n∈Z
q2Qd (m,n),
Cd(τ ) =
∑
m,n∈Z
q2Qd (m+1/2,n),
Gd(τ ) =
∑
m,n∈Z
q2Qd (m,n+1/2),
Hd(τ ) =
∑
m,n∈Z
q2Qd (m+1/2,n+1/2)
which can be evaluated [4–7] as
Ad(τ ) = θ3(q2)θ3(q8d−2)+ θ2(q2)θ2(q8d−2),
Cd(τ ) = θ2(q2)θ3(q8d−2)+ θ3(q2)θ2(q8d−2),
2Gd(2τ) = θ2(q)θ2(q4d−1),
2Hd(2τ) = θ2(q)θ2(q4d−1).
5.1. ` = 1
The BE1 map is defined by
x = θ23 (q), y = θ22 (q), z = θ3(q)θ2(q).
With this notation
BE1(Q41 + 8Q22 − 4Q21Q2 − 4Q4) = Θ1 = E4,
BE1((Q22 − Q4)2(Q21 − 2Q2)2) =
16
1728
∆1,
yielding the isomorphism
M∗(1) ∼= C[Q41 + 8Q22 − 4Q21Q2 − 4Q4, (Q22 − Q4)2(Q21 − 2Q2)2]
< C[x, y, z]G ′6 ∼= C[Q1, Q2, Q4].
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The expression for ∆1(τ ) is immediate from the definition of BE1 and from the expression for
∆ in [8, p. 69].
5.2. ` = 2
The BE2 map is defined by
x = θ3(q)θ3(q2), y = θ2(q)θ3(q2), z = θ3(q)θ2(q2).
With this notation
BE2(Q21 − 2Q2) = Θ2, BE2(Q81 − (Q21 − 2Q2)4) = 16∆2
yielding the isomorphism
M∗(2) ∼= C[Q21 − 2Q2, (Q21 − 2Q2)4 − Q81] < C[x, y, z]G
′
6 .
The expression for Θ2 comes from the construction of the unique 4-dimensional 2-modular
lattice D4 = F4 from the repetition code of length 2, whose swe is x2 + y2 + 2z2 = Q21 − 2Q2.
The expression for the cusp form ∆2 comes from subtracting the theta series of Z82 from that of
(Λ02)
4.
5.3. ` = 3
The BE3 map is defined by
x = A1(τ ), y = C1(τ ).
With this notation
BE3(R1) = Θ3, BE3(D6) = 4∆3
yielding the isomorphism
M∗(3) ∼= C[R1, D6] < C[x, y]H ′3 .
Note that it can be shown that
64D6 = R61 − 2R41D2 + R21D22,
and that
C[x, y]H3 ∼= C[R2, D6] ∼= C[Θ23 ,∆3].
5.4. ` = 5
The BE5 map is defined by
x = θ3(q)θ3(q5), y = θ2(q)θ3(q5), z = θ3(q)θ2(q5).
With this notation
BE5(Q21 − 2Q2) = Θ5, BE5(Q2(Q21 − Q2)) = 2∆5,
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yielding the isomorphism
M∗(5) ∼= C[Q21 − 2Q2, Q2(Q2 − Q21)].
The expression for Θ2 comes from the construction of the unique (cf. [16]) 4-dimensional 5-
modular lattice QQF4.a from the repetition code of length 2, whose swe is x2 + y2 + 2z2 =
Q21 − 2Q2.
5.5. ` = 6
The BE6 map is defined (notation of ` = 3 section) by
x = A1(τ )A1(2τ), y = A1(τ )C1(2τ).
With this notation
BE6(R1) = Θ6, BE6(R21 − D2) = 2∆6,
yielding the isomorphism
M∗(6) ∼= C[R1, D2 − R21] < C[x, y]H
′
3 .
The invariant of the cusp form is computed from subtracting the invariant for theta series of Λ06
from that of A6 on the length 2 repetition code.
5.6. ` = 7
The BE7 map is defined by
x = A2(τ ), y = C2(τ ), z = G2(τ ).
With this notation
BE7(P1) = Θ7, BE7(P3) = 2∆7
yielding the isomorphism
M∗(7) ∼= C[P1, P3] < C[x, y, z]G6 .
The motivation for the inverse image of ∆7 is the fact that A
(2)
6 can be constructed from a code
C3 in the notation of [1] with an explicit swe S, say. Taking S − P31 yields a multiple of P3.
5.7. ` = 11
The BE11 map is defined by
x = A3(τ ), y = C3(τ ), z = G3(τ ).
With this notation
BE11(Q1) = Θ11, BE11(r2 − P21 ) = 4∆11,
yielding the isomorphism
M∗(11) ∼= C[Q1, r2 − P21 ] < C[x, y, z]G2 .
The invariant of the cusp form is computed from subtracting the invariant for theta series of
A11({0, 1})2 from that of A11 on the repetition code of length 2.
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Table 3
Invariants and maps I
` 1 2
BE−1(θ`) Q41 + 8Q22 − 4Q21Q2 − 4Q4 Q21 − 2Q2
BE−1(∆`) (1728/16)(Q22 − Q4)2(Q21 − 2Q2)2 (Q81 − (Q21 − 2Q2)4)/16
M∗(`) ∼= C[Q21 − 2Q2, Q81 − (Q21 − 2Q2)4] C[R2, D6]
5.8. ` = 14
The BE14 map is defined by
x = A2(τ )A2(2τ), y = A2(τ )C2(2τ), z = A2(τ )G2(2τ).
With this notation
BE14(P1) = Θ14, BE14(Q1 − P1) = 2∆14,
yielding the isomorphism
M∗(14) ∼= C[P1, Q1] ≤ C[x, y, z]G2 .
The invariant of the cusp form is computed from subtracting the invariant for theta series of Λ014
from that of Z14.
5.9. ` = 23
Here we can only give a map for M∗(23)(2) the even part of M∗(23), namely
M∗(23)(2) = ⊕∞j=1 M2 j (23).
This BE23 map is defined by
x = A6(τ ), y = C6(τ ), z = G6(τ ).
With this notation
BE23(r2) = θA23(C2), BE23(P2) = Θ23∆23,
yielding the isomorphism
M∗(23)(2) ∼= C[P1, P2] ≤ C[x, y, z]G2 .
5.10. Summary of results
We summarize the results of the above subsections in Tables 3–5.
6. Conclusion
We have used a generalized Construction A to motivate algebra isomorphisms between rings
of modular forms and rings of invariants of finite groups. It would be most interesting to use
the same constructions to derive new constructions of lattices from codes. (A worthwhile task
34 Y. Choie, P. Sole´ / European Journal of Combinatorics 29 (2008) 24–34
Table 4
Invariants and maps II
` 3 5 6 7
BE−1(θ`) R1 Q21 − 2Q2 R1 P1
BE−1(∆`) D6/4 Q2(Q21 − Q2)/2 R21 − D2 P3/2
M∗(`) ∼= C[Q21 − 2Q2, Q2(Q21 − Q2)] C[Q21 − 2Q2, Q2(Q21 − Q2)] C[R1, R21 − D2] C[P1, P3]
Table 5
Invariants and maps III
` 11 14 23
BE−1(θ`) Q1 P1 r2
BE−1(∆`) (r2 − P21 )/4 (Q1 − P1)/2 P2
M∗(`) ∼= C[Q1, r2 − P21 ] C[P1, P2] M∗(23)(2) ∼= C[P1, P2]
in coding theory would be to classify formally self-dual F4-codes of odd length). In particular
the composite levels are completely open. Further, the odd man out ` = 15 is left as an open
problem.
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